
A Q U A S I - S T E A D Y  M E T H O D  O F  D E T E R M I N I N G  T H E  

T H E R M O P H Y S I C A L  C H A R A C T E R I S T I C S  O F  S O L I D S  

V.  V.  V i a s o v  a n d  V.  A .  S h a c h n e v  UDC 536.2.083 

We consider  a comparat ive quas i -s teady method of determining thermophysical  c h a r a c t e r i s -  
t ics.  Computational formulas  are derived for the symmet r i c  and nonsymmetr ic  heating of 
plates.  We present  theoret ical  a-  and X-data for mycalex,  derived on the basis of this meth-  
od. 

We know f rom [1] that methods based on a quas i -s teady thermal  regime enable us to derive the s im-  
plest  and most  exact calculational formulas  for the determination of the thermophysical  charac te r i s t i c s  
of solid ma te r i a l s .  

Here we will examine one of the relative quas i -s teady methods for the integrated determination of the 
coefficients of thermal  diffusivity and thermal  conductivity on the basis of the well-establ ished a and k of 
a s tandard mate r ia l .  

The physical  model of the conductimeter  consists  of two unbounded plates,  each of a different th ick-  
ness ,  and each exhibiting diverse  thermophysical  cha rac te r i s t i c s .  The plates are  in thermal  contact.  Auto-  
matic  p rog rammed  tempera ture  regula tors  [2] are  used to establish the l inear  tempera ture  variat ions - w i t h  
identical or  differing heating r a t e s -  on the external side surfaces  of these plates .  It is assumed that a and 
X are independent of t empera ture .  

The tempera ture  field t l(x, T) in the specimen under consideration and t2(x, r) in the standard are  
descr ibed for the one-dimensional  problem by the equations 

or1 (x, ~) 02tl (x, ~) 
- - a t - - ;  O-~x-~c; 

O~ ax 2 

02t2 (x, ~) .  Ot2 (x, "0 a~ , - -  d -G x -4 0. 
O~ Ox 2 

(1) 

Since the continuous solutions of these equations are  analytical with respec t  to x, solution (1) can be 
presented  in the form 

tl (x, T) = 2 A,. (1:) x m, 0 ~ x -~ c; (2) 
m==O 

&(x,x)= ~ B  m(z) x m, - d - 4 x < 0 "  (3) 
rtz=0 

Having substituted (2)and (3) into (1), we derive the relat ionships for the coefficients 

A,~+ 2 (.r : 1 dA,~ ('~) ; 
al (m + 9) (in + 1) d "c 

Bin+2 (.~) = 1 dB., ('0 , 
a2(m + 2 ) ( m + l )  dl: 

(4) 

Institute of Chemical Engineering,  Tambov. Transla ted f rom Inzhenerno-Fiz icheski i  Zhurnal,  Vol. 
15, No. 6, pp. 1106-1113, December ,  1968. Original ar t ic le  submitted October 23, 1967. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 

A copy of this article is available from the publisher for $15.00. permission of the publisher. 

1249 



which can be brought to the form 

A2~ (~) _ 1 dmAo(~) . 
a~ n (2m)! d ~n 

A2~,+1 ('0 - a"i'(2m-{- 1)! d'd" 
( r e = l ,  2, 3 . . . .  ). 

Analogous expressions can also be derived for the coefficients 

(s) 

We d e t e r m i n e  the coef f ic ien ts  A 0(T), AI(T), B0(~'), and BI(T ) f r o m  the boundary  condi t ions .  

It fol lows f r o m  the condi t ion of equal i ty  for  the t e m p e r a t u r e s  and heat  f lows in the plane of  contac t  
be tween  the s p e c i m e n  and the s t andard ,  when x = 0, that  

Bo (T) = Ao (l)and)~2 t3, (T) = )~1 A1 (~), (6) 

A 00-) and B00- )be ingde t e rmined  f romthe  boundary  condi t ions  

t 1 (C, "~) = T1 ('~); t2 (--  d, ~) = 7"2 (T). (7) 

The use of  the exac t  solut ion for  the de t e rmina t ion  of the t h e r m o p h y s i c a l  coef f ic ien ts  [1] led to the 
need of solving the complex  t r anscenden ta l  equat ion which,  in the final a n a l y s i s ,  had to be solved with a 
r a t h e r  a r b i t r a r y  app rox ima t ion .  In addit ion,  fo r  p r a c t i c a l  p u r p o s e s ,  i .e . ,  the de r iva t ion  of  the computa t iona l  
f o r m u l a s  f o r  the d e t e r m i n a t i o n  of a and X, the exac t  solut ion of the equat ion is not yet  an exac t  solut ion 
for  the s ta ted  p r o b l e m ,  s ince  the equat ion i t se l f  is a r e su l t  of a somewha t  s c h e m a t i z e d  app roach  to the 
phys ica l  phenomenon .  

A r e a s o n a b l e  and app rox ima te  solut ion may  t h e r e f o r e  s e r v e  as  an app rop r i a t e  solut ion for  the p r o b l e m  
s ta ted  h e r e .  

Le t  us de t e rmine  the app rox ima te  solut ion of the p r o b l e m  in the f o r m  o f ' s e g m e n t s  f r o m  s e r i e s  (2) 
and (3). The se l ec t ion  of the app rox ima te  solut ion af fec ts  the d e t e r m i n a t i o n  of the functionsA0(~- ) and Al(~- ) 
f r o m  (7), and s ince  the s e r i e s  coef f ic ien ts  a re  d e t e r m i n e d  in t e r m s  of de r iva t ives  of these  funct ions ,  the 
d e g r e e  of app rox ima t ion  depends s igni f icant ly  on the choice  of the app rox ima te  so lu t ion .  

We will  t h e r e f o r e  se t  up an app rox ima te  a p r i o r i  solut ion,  and with this solut ion we will  subsequent ly  
obta in  an eva lua t ion  fo r  the d e g r e e  of  the approx ima te  solut ion and the l imi t s  of its appl icabi l i ty .  

Le t  us a s s u m e  that the t e m p e r a t u r e  f ields in the s p e c i m e n  and in the s t anda rd  have been  suff ic ient ly  
wel l  def ined  by the lowest  p o w e r s  in expans ions  (2) and (3), s ince the th ickness  of the s p e c i m e n  and s t anda rd  
a r e  smal l  in c o m p a r i s o n  with the i r  heat ing s u r f a c e s .  In the de t e rmina t i on  of the app rox ima te  solut ion we 
wil l  t h e r e f o r e  l imi t  o u r s e l v e s  to the th ree  t e r m s  in expans ions  (2) and (3): 

X 2 
tl (x, ~) = A0 (~) + A, (~) x + 2a~- A0 (~), (S) 

%1 X 2 
t~ (x, ~) = A0 (~) - -  ~ A1 (~) x + 2a:  A0 (~). (9) 

Subst i tut ing (7) into these  equat ions  and e l imina t ing  AI(~- ), fo r  the funct ion A0(T ) we de r ive  the d i f fe ren t ia l  
equation: 

cd ( c ~ +  a ~  / A'0(~) : ~ ~  (10) (cX2 + d)~0.40 (T) + ~-  i al a~ / 

In tegra t ing  Eq .  (1 0) y ie lds  

Ao('O= [Ao(O)+ l i [k2cT~(~) +.%ldT~(~)]expk~d~. (11) 

o 

cd (C~,l + d___k2/. 
~ = - - 2  a--~- a~ ]' 

k -- ; X = ck2 + d)~l. 

whe re  
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For  our  p r o b l e m ,  in the case  of a q u a s i - s t e a d y  r e g i m e ,  the boundary  condi t ions  have the f o r m  

T1 (~) : To + bi zandT2 (~) : To + b~ ~. 

It is not diff icul t  to d e m o n s t r a t e  tha t  A0(0 ) = To, so that  
S S 

Ao (~) = r (0, ~) = To + --)~ x ~k [1 - -  exp (--  k z)] 

We d e t e r m i n e  AI(T) f r o m  (7): 

Aa ('c) = bi - -  ~ + - ~  ck 2a~ 

Thus the app rox ima te  solut ion of E q s .  (1) is comple t e ly  d e t e r m i n e d  and has  the f o r m  

ti (x, ~) = To + --- z 
~, 3. k ck 2ai + --c bl - -  x 

+2aa~ ~x~+  ~ ' X -  ck 2~ x 2a ,~J  

and 

h (x, *) = To q- - -  
X X k X2 ck 2a 1 

+ cl ,b l - -  X + 2 a  + X-k ~- ~2 ~ 2al 2a2XX~ 

F o r  the eva lua t ion  of the app rox ima te  so lu t ion  of t l(x,  ,)  we d e t e r m i n e  the exac t  solut ion of  t~(x, ~-) of the 
t h e r m a l - c o n d u c t i v i t y  equat ion (1) in the r eg ion  0 < x < c,  a s suming  that  the funct ions  A0(T ) and AI(T) in 
(5) a r e  p r e c i s e l y  the s ame  as  in the a p p r o x i m a t e  solut ion,  i . e . ,  they have the f o r m  of (13) and (14). 

Then  we have 
S 

A0 (z) = -~- [1 --exp (-- k*) ], 

S A~'(*) = ~ ( - -  k) m exp (-- k z); 

A; (~) - b - - - ~  + - ~  ,. c 2a,/ 

A'~ ('v) = - -  ~ -  2ai. ( -  k)m exp (--  k x); 

�9 

t~ (x,  ~) = Am (~) x m = A2r . (~) x ~'* + A2.~+ , (~) x 2~+~ 
m=0 m~0 m=0 

C 

+ 1 (bl__ __~) X3 + ~ exp(__k T) m~, ( k ),n X 2m 

6alc , 2 - -  ~ (2m) T 

(c-lk, 2~1) ~ - e x p ( - - k x )  ~ ( - - k )  m (2m+l)!x2tn+l ' 
m=0 

S X  2 

2a~ ~, 

Cons ide r ing  that 

and 

(12) 

(13)  

(14)  

(is) 

(16) 

(17) 

(18) 

(19) 
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we finally obtain 

_ --~-t ( 2 r e + l ) , -  ] / ~ - Z  (2m+l) t  
m = 2  

l / / ' ~ _  I sin -k-x 1 

fi (x, x) = To - -  ~-~ + T "c + ck 2a, bl - -  T ~ x 

sx~ x3 ( - ~ - )  [~-k V ( 1  ~ a l ) V ~ -  V -~- ] (20) - -  bi - -  + exp (--- k -r) s "-k- s - -  ~- -2a1-~ + 6aic . cos ~-  x -  ~ ~ sin ~ x 

We ean derive p rec i se ly  this solution for t~ (x, T) for the standard.  

Because of the selection of A0(T ) and AI(T) we find that the contact conditions are sat isf ied.  At the 
same t ime,  the boundary conditions for t~(x, ~-) and t~(x, T) will be different f rom the specified boundary 
conditions (7) and they will therefore  not be exact solutions of the formulated problem.  

Applying the maximum principle to the equations of thermal conductivity, in addition to the continuous 
relationship between the solution and the boundary conditions, and the uniqueness of the solution, we can 
state that the e r r o r  in the approximate solution will not exceed the e r r o r  of the solution at the boundary. 

Thus we have 

] t l (x ,x) - - t ; (x ,x) l -<lTo+b~x' t~(c ,x) l .< b~-- 

+exp(--k 'v)  c o s g  ~-i c - -  ~, ck 2 a l ] V  k ~ " (21) 

Given sufficiently large ~-,exp (-k~-) becomes small, and for the determination of the degree of approximation 
in the solution we have 

where a is a fairly small quantity. 

c~ I --~ Xz l bl -- b~ l ca (22) 

Condition (18) determines the greatest value of e at which the approximate solution corresponds to the 
specified accuracy. If e -< d, from (22) we can obtain the following evaluation, in approximate terms: 

c -< V 6ai (Zq + ~,~) 
" x~ I b~ - -  b~ I ~" (23)  

We note that when b 1 = bz,  condition (22) is satisfied for all c, and solution (15) ean therefore  be set  as close 
as you please ,  in this ease ,  to the exaet solution by appropriate select ion of T. 

Est imate  (22) is valid for suffieiently large ~', which are determined by the following inequality: 

I '- T ~ ~_~ s in  ~-x c 

..<-~_exp(--kx) cos ]~ ~ c + ck-  

-f v ] ( ) 
where /3 is a fair ly small  number.  Hence we have 

k * >/In ~ 1 + a i  - -  2at] 
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F o r  s u f f i c i e n t l y  l a r g e  1- 

�9 b b ( c a , / 2 +  (26) 
max tl(x, x) = To. k 2a, 2 ~k ] b ~. 

I f /3  i s  de f ined  as  s o m e  f r a c t i o n  of (26), f o r  the  va lue  of /3  we d e r i v e  the  e s t i m a t e  

[} -< ~/ To k 2a, 2 ~ ]  J "< V To: (27) 

The e r r o r  wi l l  d i f f e r  f r o m  the so lu t i on  by an o r d e r ,  i f  T -< 0.1. 

The p r a c t i c a l  u t i l i z a t i o n  of the  e x p e r i m e n t a l  da t a  y i e l d s  a l a r g e  va lue  fo r  k r ,  and cond i t i on  (25) c o r -  
r e s p o n d s  to a 3-5% e r r o r  in  the  a p p r o x i m a t e  so lu t i on .  

The c o m p u t a t i o n a l  f o r m u l a s  fo r  the d e t e r m i n a t i o n  of k 1 and a 1 can be d e r i v e d  f r o m  the r e l a t i o n s h i p  
fo r  the t e m p e r a t u r e  d i f f e r e n c e  in the s p e c i m e n  be ing  e x a m i n e d :  

B e a r i n g  in m i n d  tha t  the e x p e r i m e n t a l  da t a  have  been  d e r i v e d  fo r  r a t h e r  h igh  v a l u e s  of k r ,  we ob ta in  

A t 1 =  ( b - - ~ - )  ~ +  s~';~k (29) 

The t h e r m o g r a m s  for  t l ( c ,  r) and  t l (0 ,  r ) ,  ob ta ined  du r ing  the c o u r s e  of the e x p e r i m e n t ,  a s  a r u l e ,  
a r e  s t r a i g h t  l i n e s  in the (t, " 0 - p l a n e ,  wi th  v a r i o u s  h e a t i n g  t e m p e r a t u r e s .  

Consequen t l y ,  we can a l s o  p r e s e n t  the At 1 t h e r m o g r a m  in the  f o r m  of the s t r a i g h t  l ine  

A tl = ~1 + [ ~ ,  (a0) 

w h e r e  oq and/31 a r e  the s t r a i g h t - l i n e  p a r a m e t e r s .  

C o m p a r i n g  (29) and (30) and equa t ing  to e a c h  o t h e r  the  c o n s t a n t  t e r m s  and c o e f f i c i e n t s  for  r in the 
r i g h t - h a n d  m e m b e r s ,  we d e r i v e  the c o m p u t a t i o n a l  f o r m u l a s  fo r  the d e t e r m i n a t i o n  of the  t h e r m a l - c o n d u c -  
t i v i t y  c o e f f i c i e n t  

~,1-- b l - - b 2 - - [ } l  c ~,~ (31) 
[3, d 

and of the  t h e r m a l - d i f f u s i v i t y  c o e f f i c i e n t  of the  m a t e r i a l  be ing  i n v e s t i g a t e d ,  i . e . ,  

al = c 2d )~l (bl - -  81) as (32) 
2a2 al (c ~,2 + d ka) - -  cd 2 ~2 (bx - -  ~l) 

We shou ld  t ake  note  of  the  fac t  tha t  (31) and (32) can  be u sed  only if  t h e r e  i s  a s u b s t a n t i a l  d i f f e r e n c e  
b e t w e e n  b 1 and b 2. 

If b I = b2, we have  fll = 0 and f o r m u l a s  (31) and (32) cannot  be u s e d  fo r  the d e t e r m i n a t i o n  of X 1 and a 1 . 

In th i s  even t  we can  e m p l o y  a n o t h e r  me thod  fo r  the d e r i v a t i o n  of the c o m p u t a t i o n a l  f o r m u l a s .  

L e t  us  i n t r o d u c e  an  a d d i t i o n a l  po in t  of t e m p e r a t u r e  m e a s u r e m e n t  in the s t a n d a r d  p l a t e  fo r  the  c a s e  
x = - d / 2 :  

t - -  x) = T0 + b x -? [To ~- b z - -  t (0,x) ] I* - -  1 + , (a3) 

w h e r e  k = 2v/#.  The c o e f f i c i e n t  k is  found th rough  t r e a t m e n t  of  the T(0,  r) t h e r m o g r a m  a c c o r d i n g  to the 
f o r m u l a :  

k - -  ~ . (34) 
At  

The c o m p u t a t i o n a l  f o r m u l a  f o r  the  d e t e r m i n a t i o n  of the t h e r m a l - c o n d u c t i v i t y  coe f f i c i en t  i s  d e r i v e d  
f r o m  (33) : 
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where  

d2k ( A t 2  ~_ d 

2c , 

(d) h t 2 = T 0 ~ - b x - - t 2  - - ~ - ,  v ; h t l = T 0 + b ~ - - t l ( 0 ,  x). 

(3s) 

F r o m  (34) we can  obta in  the computa t iona l  f o r m u l a  for  the d e t e r m i n a t i o n  of the s p e c i m e n ' s  t h e r m a l -  
d i f fus iv i ty  coef f ic ien t  

al = c2d kl k (36) 

2(ck2-~ dkl)--cd 2 k~k 
C/2 

To tes t  the a c c u r a c y  of these  computa t iona l  f o r m u l a s ,  we p e r f o r m e d  t e s t s  to d e t e r m i n e  the a and k 
for  m y c a l e x .  P l e x i g l a s  was used  as the s t a n d a r d .  The p lo t t ing  and p r o c e s s i n g  of the hea t ing  t h e r m o g r a m s  
was a c c o m p l i s h e d  in the s i m i l a r  method d e s c r i b e d  in [3]. The bas ic  ca l cu l a t i on  data  include the following: 
the t h i cknes s  of the m y c a l e x  p l a t e ,  c = 8 r am;  the P l e x i g l a s  th i ckness  d = 6 m m ;  t l (c ,  ~-), t2( -d ,  T), t 2 ( - d / 2  , 
~-), and t(0, ~-) a r e  the t h e r m o g r a m s  r e c o r d e d  on the graph  p a p e r  of the au tomat i c  r e c o r d i n g  m e c h a n i s m .  
The s p e c i m e n s  were  hea ted  at a cons tan t  r a t e  of b = 250 deg /h .  

At the instant T = 14 min, tl(c, ~-) = t2(-d, •) = 57~ t2(-d/2, •) = 48~ t(0, ~') = 44~ The thermo- 

physical characteristics of the standard material were k 2 = 0.16 W/m .deg, a 2 = 0.833-10 -7 m2/sec at 

t = 50~ 

F r o m  (34) we d e t e r m i n e d  the coef f ic ien t  k = 20 h -1. F r o m  the p r o c e s s i n g  of the t h e r m o g r a m s  we 

find At 2 = 4~ At 1 = 13~ Subs t i tu t ing  the a pp r op r i a t e  va lues  f rom the o r ig ina l  da ta  into f o r m u l a  (35), 
we find the t h e r m a l - c o n d u c t i v i t y  coeff ic ient  for  the mye a l e x  to be k 1 = 0.64 W / m  -deg at t = 57~ 

S i m u l t a n e o u s l y  with the a b o v e - c o n s i d e r e d  r e l a t i v e  q u a s i - s t e a d y  method we employed  the abso lu te  
q u a s i - s t e a d y  method  [4] to d e t e r m i n e  the t h e r m a l  conduct iv i ty  of m y c a l e x .  He re  we employed  the t heo -  
r e t i c a l  f o r m u l a  for  the d e t e r m i n a t i o n  of k ,  de r ived  f rom the so lu t ion  of the h e a t - c o n d u c t i o n  equa t ion  for  
boundary  condi t ions  of the second k ind .  The heat  flow set  up by flat  e l e c t r i c  h e a t e r s  and in t roduced  into 
the s p e c i m e n s  be ing  inves t iga ted  was  m e a s u r e d  with an  au tomat ic  t h e r m o m e t e r .  The t h e o r e t i c a l  f o r m u l a  
for  the d e t e r m i n a t i o n  of k was s i m u l a t e d  in a c o m p u t e r .  The t h e r m a l  conduc t iv i ty  was d e t e r m i n e d  au to -  
m a t i c a l l y  and con t inuous ly .  At t = 57~ the k of the myc a l e x  is 0.56 W / m  .deg;  as d e m o n s t r a t e d  in [4], 
the m a x i m u m  e r r o r  in  the au tomat ic  d e t e r m i n a t i o n  of k is  8-9%. 

We ca l cu l a t ed  the t h e r m a l  d i f fus iv i ty  of the m y c a l e x  f rom f o r m u l a  (36) and at t = 57~ it is  equal  to a i 
= 1.86 �9 10 -7 m 2 / s e c .  To t e s t  the a c c u r a c y  of this  r e s u l t ,  we p e r f o r m e d  n u m e r o u s  e x p e r i m e n t s  to d e t e r -  
m i n e  the a of the m y c a l e x  by the method  of an i n s t an t aneous  heat  sou rce  [5]. The t h e r m a l  d i f fus iv i ty  of 
the m y c a l e x ,  c a l cu l a t ed  acco rd ing  to this  method ,  amoun ted  to 2.0" 10 -7 m2/h .  

b) 

c) 

d) 
g r a m s .  

Analysis of the Errors of the Method 

The errors in the determination of a I and k i are the result of the following factors: 

a) the inaccuracy of the theoretical formulas (35) and (36) resulting from the limitation to three 

terms in series (2) and (3), as well as from the neglect of the term exp (--XT/p) in (29); 

the inaccuracy with which the linear heating is specified; 

the absence of reliable thermal contact between the test and standard plates; 

the error of the sensor and of the measuring devices used in the preparation of the heating thermo- 

As follows f~om (23) and (27), the error indicated in item a is 3%. 

With an accuracy to 1%, we can neglect the term exp (--kT), if k~- >- 4.5. From the experimental data 

k~" = 4.67, so that the error resulting from the neglect of the term exp (--kT) is equal to 0.9%. The evaluation 
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of the errors indicated in items b, c, and d is presented in reference [4]. The total error of this method 
for the determination of the thermophysical characteristics amounts to 5-7%. 

The method developed here is somewhat similar to the comparative quasi-steady method of Shury- 
gina [6]; however, the physical model of the conductimeter in this method is simpler, and the method of 
specifying the linear heating is more universal. 
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